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4. Integration Of Rational Functions By Partial

Fractions

Let 𝑓(𝑥) =
𝑃 (𝑥)

𝑄(𝑥)
be a rational function; that is, 𝑃 (𝑥) and 𝑄(𝑥) are polynomial functions.

If the degree of 𝑃 (𝑥) is less than the degree of 𝑄(𝑥), we call 𝑓 a proper rational function.
If the degree of 𝑃 (𝑥) is greater than or equal to the degree of 𝑄(𝑥), we call 𝑓 an improper

rational function. If 𝑓 is an improper, then by long division, 𝑓(𝑥) =
𝑃 (𝑥)

𝑄(𝑥)
= 𝑆(𝑥) +

𝑅(𝑥)

𝑄(𝑥)
where 𝑅(𝑥)/𝑄(𝑥) is a proper rational fraction; that is, the degree of 𝑅(𝑥) is less than the
degree of 𝑄(𝑥). We know that every proper rational function can be expressed as a sum:
𝑅(𝑥)

𝑄(𝑥)
= 𝐹1(𝑥) + 𝐹2(𝑥) + ⋅ ⋅ ⋅+ 𝐹𝑛(𝑥) where 𝐹1(𝑥), 𝐹2(𝑥), ..., 𝐹𝑛(𝑥) are rational functions of

the form
𝐴𝑥+𝐵

(𝑎𝑥2 + 𝑏𝑥+ 𝑐)𝑘
or

𝐴

(𝑎𝑥+ 𝑏)𝑘
in which the denominators are factors of 𝑄(𝑥). The

sum is called the partial fraction decomposition of 𝑅(𝑥)/𝑄(𝑥). The first step is finding the
form of the partial fraction decomposition of 𝑅(𝑥)/𝑄(𝑥) is to factor 𝑄(𝑥) completely into
linear and irreducible quadratic factors, and then collect all repeated factors so that 𝑄(𝑥)
is expressed as a product of distinct factors of the form (𝑎𝑥 + 𝑏)𝑚 and (𝑎𝑥2 + 𝑏𝑥 + 𝑐)𝑚.
From these factors we can determine the form of the partial fraction decomposition using
the following two rules:

    ▲ ◀ ▶ ▼   ■
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Linear Factor Rule

For each factor of the form (𝑎𝑥 + 𝑏)𝑚, the partial fraction decomposition contains the
following sum of 𝑚 partial fractions:

𝐴1

𝑎𝑥+ 𝑏
+

𝐴2

(𝑎𝑥+ 𝑏)2
+ ⋅ ⋅ ⋅+ 𝐴𝑚

(𝑎𝑥 + 𝑏)𝑚

where 𝐴1, 𝐴2, ..., 𝐴𝑚 are constants to be determined.

Quadratic Factor Rule

For each factor of the form (𝑎𝑥2 + 𝑏𝑥 + 𝑐)𝑚, the partial fraction decomposition contains
the following sum of 𝑚 partial fractions:

𝐴1𝑥+𝐵1

𝑎𝑥2 + 𝑏𝑥+ 𝑐
+

𝐴2𝑥+ 𝐵2

(𝑎𝑥2 + 𝑏𝑥+ 𝑐)2
+ ⋅ ⋅ ⋅+ 𝐴𝑚𝑥+𝐵𝑚

(𝑎𝑥2 + 𝑏𝑥+ 𝑐)𝑚

where 𝐴1, 𝐴2, ..., 𝐴𝑚, 𝐵1, 𝐵2, ..., 𝐵𝑚, are constants to be determined.

    ▲ ◀ ▶ ▼   ■
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Integrating Improper Rational Functions

Example 1. Find

∫
𝑥3 + 1

𝑥− 1
𝑑𝑥.

Solution: By long division
𝑥3 + 1

𝑥− 1
= 𝑥2 + 𝑥+ 1 +

2

𝑥− 1
.

∫
𝑥3 + 1

𝑥− 1
𝑑𝑥 =

∫
(𝑥2 + 𝑥+ 1) 𝑑𝑥+ 2

∫
1

𝑥− 1
𝑑𝑥

=
1

3
𝑥3 +

1

2
𝑥2 + 𝑥+ 2 ln ∣𝑥− 1∣+ 𝐶.

□

Example 2. Find

∫
𝑥3 + 𝑥

𝑥2 − 1
𝑑𝑥

Solution: By long division we have

𝑥3 + 𝑥

𝑥2 − 1
= 𝑥+

2𝑥

𝑥2 − 1∫
𝑥3 + 𝑥

𝑥2 − 1
𝑑𝑥 =

∫ (
𝑥+

2𝑥

𝑥2 − 1

)
𝑑𝑥

=
1

2
𝑥2 + ln

∣∣𝑥2 − 1
∣∣+𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Integrating Proper Rational Functions

Example 3. Find

∫
3𝑥− 17

𝑥2 − 2𝑥− 3 𝑑𝑥.

Solution: Since 𝑥2 − 2𝑥− 3 = (𝑥− 3)(𝑥+ 1), then by Linear Factor Rule
3𝑥− 17

𝑥2 − 2𝑥− 3 =
3𝑥− 17

(𝑥 − 3)(𝑥+ 1)
3𝑥− 17

(𝑥− 3)(𝑥+ 1) =
𝐴

𝑥− 3 +
𝐵

𝑥+ 1
Multiply both sides by (𝑥− 3)(𝑥+ 1).

3𝑥− 17 = 𝐴(𝑥 + 1) +𝐵(𝑥− 3).
If 𝑥 = 3, then 𝐴 = −2 and if 𝑥 = −1, then 𝐵 = 5. Thus∫

3𝑥− 17
𝑥2 − 2𝑥− 3 𝑑𝑥 =

∫
3𝑥− 17

(𝑥 − 3)(𝑥+ 1) 𝑑𝑥

=

∫ [ −2
𝑥− 3 +

5

𝑥+ 1

]
𝑑𝑥

= −2
∫

1

𝑥− 3 𝑑𝑥 + 5
∫

1

𝑥+ 1
𝑑𝑥

= −2 ln ∣𝑥− 3∣+ 5 ln ∣𝑥+ 1∣+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 4. Find

∫
𝑥2 + 2𝑥− 1
2𝑥3 + 3𝑥2 − 2𝑥 𝑑𝑥.

Solution: Since 2𝑥3+3𝑥2 − 2𝑥 = 𝑥(2𝑥2+3𝑥− 2) = 𝑥(2𝑥− 1)(𝑥+2), then by Linear Factor
Rule

𝑥2 + 2𝑥− 1
2𝑥3 + 3𝑥2 − 2𝑥 =

𝑥2 + 2𝑥− 1
𝑥(2𝑥− 1)(𝑥+ 2)

𝑥2 + 2𝑥− 1
𝑥(2𝑥− 1)(𝑥+ 2) =

𝐴

𝑥
+

𝐵

2𝑥− 1 +
𝐶

𝑥+ 2
Multiply both sides by 𝑥(2𝑥 − 1)(𝑥 + 2).

𝑥2 + 2𝑥− 1 = 𝐴(2𝑥− 1)(𝑥+ 2) +𝐵𝑥(𝑥 + 2) + 𝐶𝑥(2𝑥− 1).
If 𝑥 = 0, then −1 = −2𝐴, hence 𝐴 = 1

2
.

If 𝑥 = −2, then −1 = 10𝐶, hence 𝐶 = −1
10

.

If 𝑥 =
1

2
, then

1

4
=
5

4
𝐵, hence 𝐵 =

1

5
.∫

𝑥2 + 2𝑥− 1
2𝑥3 + 3𝑥2 − 2𝑥 𝑑𝑥 =

∫ [
1

2

1

𝑥
+
1

5

1

2

2

2𝑥− 1 +
−1
10

1

𝑥+ 2

]
𝑑𝑥

=
1

2
ln ∣𝑥∣+ 1

10
ln ∣2𝑥− 1∣ − 1

10
ln ∣𝑥+ 2∣+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 5. Find

∫
5𝑥2 + 20𝑥+ 6

𝑥3 + 2𝑥2 + 𝑥
𝑑𝑥.

Solution: Since 𝑥3 + 2𝑥2 + 𝑥 = 𝑥(𝑥2 + 2𝑥+ 1) = 𝑥(𝑥 + 1)2, then by Linear Factor Rule

5𝑥2 + 20𝑥+ 6

𝑥3 + 2𝑥2 + 𝑥
=
5𝑥2 + 20𝑥+ 6

𝑥(𝑥+ 1)2

5𝑥2 + 20𝑥+ 6

𝑥(𝑥+ 1)2
=

𝐴

𝑥
+

𝐵

𝑥+ 1
+

𝐶

(𝑥 + 1)2
Multiply both sides by 𝑥(𝑥 + 1)

2
.

5𝑥2 + 20𝑥+ 6 = 𝐴(𝑥+ 1)2 +𝐵𝑥(𝑥 + 1) + 𝐶𝑥.

If 𝑥 = 0, then 6 = 𝐴, hence 𝐴 = 6.
If 𝑥 = −1, then −9 = −𝐶, hence 𝐶 = 9.

If 𝑥 = 1, then 31 = 4𝐴+ 2𝐵 + 𝐶, hence 𝐵 =
31− 4(6)− (9)

2
= −1.∫

5𝑥2 + 20𝑥+ 6

𝑥3 + 2𝑥2 + 𝑥
𝑑𝑥 =

∫ [
6

𝑥
+

−1
𝑥+ 1

+
9

(𝑥 + 1)2

]
𝑑𝑥

= 6 ln ∣𝑥∣ − ln ∣𝑥+ 1∣+ 9(𝑥+ 1)
−1

−1 + 𝐶

= ln

∣∣∣∣ 𝑥6

𝑥+ 1

∣∣∣∣− 9

𝑥+ 1
+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 6. Find

∫
5𝑥2 − 3𝑥+ 2
𝑥3 − 2𝑥2

𝑑𝑥.

Solution: Since 𝑥3 − 2𝑥2 = 𝑥2(𝑥− 2), then by Linear Factor Rule
5𝑥2 − 3𝑥+ 2
𝑥3 − 2𝑥2

=
5𝑥2 − 3𝑥+ 2
𝑥2(𝑥− 2)

5𝑥2 − 3𝑥+ 2
𝑥2(𝑥 − 2) =

𝐴

𝑥
+

𝐵

𝑥2
+

𝐶

𝑥− 2 Multiply both sides by 𝑥
2
(𝑥 − 2).

5𝑥2 − 3𝑥+ 2 = 𝐴𝑥(𝑥 − 2) +𝐵(𝑥− 2) + 𝐶𝑥2.

If 𝑥 = 0, then 2 = −2𝐵, hence 𝐵 = −1.
If 𝑥 = 2, then 16 = 4𝐶, hence 𝐶 = 4.
If 𝑥 = 1, then 4 = −𝐴−𝐵 + 𝐶, hence 𝐴 = −4− (−1) + 4 = 1.∫

5𝑥2 − 3𝑥+ 2
𝑥3 − 2𝑥2

𝑑𝑥 =

∫ [
1

𝑥
+

−1
𝑥2
+

4

𝑥− 2
]
𝑑𝑥

=

∫ [
1

𝑥
− 𝑥−2 +

4

𝑥− 2
]
𝑑𝑥

= ln ∣𝑥∣+ 1
𝑥
+ 4 ln ∣𝑥− 2∣+ 𝐶

= ln
∣∣𝑥(𝑥 − 2)4∣∣+ 1

𝑥
+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 7. Find

∫
1

𝑥2 − 𝑎2
𝑑𝑥, where 𝑎 ∕= 0.

Solution: Since 𝑥2 − 𝑎2 = (𝑥− 𝑎)(𝑥 + 𝑎), then by Linear Factor Rule

1

𝑥2 − 𝑎2
=

1

(𝑥 − 𝑎)(𝑥+ 𝑎)

1

(𝑥− 𝑎)(𝑥 + 𝑎)
=

𝐴

𝑥− 𝑎
+

𝐵

𝑥+ 𝑎
Multiply both sides by (𝑥 − 𝑎)(𝑥 + 𝑎).

1 = 𝐴(𝑥 + 𝑎) +𝐵(𝑥 − 𝑎).

If 𝑥 = 𝑎, then 1 = 2𝑎𝐴, hence 𝐴 =
1

2𝑎
.

If 𝑥 = −𝑎, then 1 = −2𝑎𝐵, hence 𝐵 =
−1
2𝑎

.∫
1

𝑥2 − 𝑎2
𝑑𝑥 =

∫ [ 1
2𝑎

𝑥− 𝑎
+

− 1
2𝑎

𝑥+ 𝑎

]
𝑑𝑥

=
1

2𝑎

∫ [
1

𝑥− 𝑎
− 1

𝑥+ 𝑎

]
𝑑𝑥

=
1

2𝑎
[ln ∣𝑥− 𝑎∣ − ln ∣𝑥+ 𝑎∣] + 𝐶

=
1

2𝑎
ln

∣∣∣∣𝑥− 𝑎

𝑥+ 𝑎

∣∣∣∣+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 8. Find

∫
5𝑥2 + 11

𝑥4 + 5𝑥2 + 4
𝑑𝑥.

Solution: Since 𝑥4 + 5𝑥2 + 4 = (𝑥2 + 1)(𝑥2 + 4), then by Quadratic Factor Rule

5𝑥2 + 11

𝑥4 + 5𝑥2 + 4
=

5𝑥2 + 11

(𝑥2 + 1)(𝑥2 + 4)

5𝑥2 + 11

(𝑥2 + 1)(𝑥2 + 4)
=

𝐴𝑥+𝐵

𝑥2 + 1
+

𝐶𝑥+𝐷

𝑥2 + 4
Multiply both sides by (𝑥

2
+ 1)(𝑥

2
+ 4).

5𝑥2 + 11 = (𝐴𝑥+𝐵)(𝑥2 + 4) + (𝐶𝑥+𝐷)(𝑥2 + 1)

5𝑥2 + 11 = 𝐴𝑥3 +𝐵𝑥2 + 4𝐴𝑥+ 4𝐵 +𝐶𝑥3 +𝐷𝑥2 + 𝐶𝑥+𝐷

5𝑥2 + 11 = (𝐴+ 𝐶)𝑥3 + (𝐵 +𝐷)𝑥2 + (4𝐴+𝐶)𝑥+ (4𝐵 +𝐷).

𝑥3 coff. 0 = 𝐴+ 𝐶 ⇒ 𝐴 = −𝐶 (1)

𝑥2 coff. 5 = 𝐵 +𝐷 ⇒ 𝐷 = 5−𝐵 (2)

𝑥 coff. 0 = 4𝐴+ 𝐶 (3)

constant coff. 11 = 4𝐵 +𝐷 (4)

From (1) and (3) we get 𝐶 = 0 and 𝐴 = 0. From (2) and (4) we get 11 = 4𝐵 + 5 − 𝐵 ⇒ 𝐵 =
2 & 𝐷 = 3. Thus, ∫

5𝑥2 + 11

(𝑥2 + 1)(𝑥2 + 4)
𝑑𝑥 = 2

∫
1

𝑥2 + 1
𝑑𝑥+ 3

∫
1

𝑥2 + 4
𝑑𝑥

= 2 tan−1 𝑥+
3

2
tan−1

(𝑥
2

)
+𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 9. Find

∫
7𝑥2 − 13𝑥+ 13

(𝑥− 2)(𝑥2 − 2𝑥+ 3) 𝑑𝑥.

Solution: For the factor 𝑥2−2𝑥+3, we have 𝑎 = 1, 𝑏 = −2, and 𝑐 = 3. Hence 𝐷 = 𝑏2−4𝑎𝑐 =
4−4(1)(3) < 0. Then 𝑥2−2𝑥+3, is irreducible. Then by Linear Factor Rule and Quadratic
Factor Rule

7𝑥2 − 13𝑥+ 13
(𝑥− 2)(𝑥2 − 2𝑥+ 3) =

𝐴

𝑥− 2 +
𝐵𝑥+ 𝐶

𝑥2 − 2𝑥+ 3 Multiply both sides by (𝑥 − 2)(𝑥
2 − 2𝑥 + 3).

7𝑥2 − 13𝑥+ 13 = 𝐴(𝑥2 − 2𝑥+ 3) + (𝐵𝑥+ 𝐶)(𝑥 − 2)
7𝑥2 − 13𝑥+ 13 = 𝐴𝑥2 − 2𝐴𝑥+ 3𝐴+𝐵𝑥2 − 2𝐵𝑥+ 𝐶𝑥− 2𝐶
7𝑥2 − 13𝑥+ 13 = (𝐴+𝐵)𝑥2 + (−2𝐴− 2𝐵 + 𝐶)𝑥 + (3𝐴− 2𝐶).
𝑥2 coff. 7 = 𝐴+𝐵 (1)

𝑥 coff. − 13 = −2𝐴− 2𝐵 + 𝐶 (2)

constant coff. 13 = 3𝐴− 2𝐶 (3)

for 𝑥 = 2 15 = 3𝐴 (4)

From (4) 𝐴 = 5. Hence from (1) 𝐵 = 2 and from (3) 𝐶 = 1 Thus,

    ▲ ◀ ▶ ▼   ■



Integration Of Rational Functions By Partial Fractions c⃝Hamed Al-Sulami 12/19

∫
7𝑥2 − 13𝑥+ 13

(𝑥 − 2)(𝑥2 − 2𝑥+ 3) 𝑑𝑥

=

∫ [
5

𝑥
+

2𝑥+ 1

𝑥2 − 2𝑥+ 3
]
𝑑𝑥 Note that (𝑥

2 − 2𝑥 + 3)
′
= 2𝑥 − 2.

=

∫ [
5

𝑥
+
2𝑥+ 1−2+2
𝑥2 − 2𝑥+ 3

]
𝑑𝑥 Note that 𝑥

2 − 2𝑥 + 3 = (𝑥 − 1)
2

+ 2.

=

∫ [
5

𝑥
+

2𝑥− 2
𝑥2 − 2𝑥+ 3 +

3

(𝑥 − 1)2 + 2
]
𝑑𝑥 Note that

∫ 1

𝑢2 + 𝑎2
𝑑𝑢 =

1

𝑎
tan

−1
(
𝑢

𝑎
) + 𝐶.

= 5 ln ∣𝑥∣+ ln (𝑥2 − 2𝑥+ 3) + 3√
2
tan−1

(
𝑥− 1√
2

)
+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 10. Find

∫
1

𝑥(𝑥2 + 1)2
𝑑𝑥.

Solution: We have 𝑥 a linear factor and (𝑥2 + 1)2 an irreducible quadratic factor. Then by
Linear Factor Rule and Quadratic Factor Rule

1

𝑥(𝑥2 + 1)2
=

𝐴

𝑥
+

𝐵𝑥+ 𝐶

𝑥2 + 1
+

𝐷𝑥+ 𝐸

(𝑥2 + 1)2
Multiply both sides by 𝑥(𝑥

2
+ 1)

2
.

1 = 𝐴(𝑥2 + 1)2 + (𝐵𝑥 + 𝐶)𝑥(𝑥2 + 1) + (𝐷𝑥+ 𝐸)𝑥

1 = 𝐴(𝑥4 + 2𝑥2 + 1) + (𝐵𝑥+ 𝐶)(𝑥3 + 𝑥) + (𝐷𝑥2 + 𝐸𝑥)

1 = 𝐴𝑥4 + 2𝐴𝑥2 +𝐴+𝐵𝑥4 + 𝐶𝑥3 +𝐵𝑥2 + 𝐶𝑥 +𝐷𝑥2 + 𝐸𝑥

1 = (𝐴+𝐵)𝑥4 + 𝐶𝑥3 + (2𝐴+𝐵 +𝐷)𝑥2 + (𝐶 + 𝐸)𝑥+𝐴

𝑥4 coff. 0 = 𝐴+𝐵 (1)

𝑥3 coff. 0 = 𝐶 (2)

𝑥2 coff. 0 = 2𝐴+𝐵 +𝐷 (3)

𝑥 coff. 0 = 𝐶 + 𝐸 (4)

constant coff. 1 = 𝐴 (5)

From (5) 𝐴 = 1. Hence from (1) 𝐵 = −𝐴 = −1. From (2) 𝐶 = 0, and hence from (4)
𝐸 = −𝐶 = 0. Finally from (3) 𝐷 = −2𝐴−𝐵 = −2 + 1 = −1. Thus,

    ▲ ◀ ▶ ▼   ■
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∫
1

𝑥(𝑥2 + 1)2
𝑑𝑥

=

∫ [
1

𝑥
+

−𝑥

𝑥2 + 1
+

−𝑥

(𝑥2 + 1)2

]
𝑑𝑥 Note that (𝑥

2
+ 1)

′
= 2𝑥.

=

∫
1

𝑥
𝑑𝑥− 1

2

∫
2𝑥

𝑥2 + 1
𝑑𝑥− 1

2

∫
(𝑥2 + 1)−2 2𝑥𝑑𝑥

= ln ∣𝑥∣ − 1

2
ln (𝑥2 + 1)− 1

2

(𝑥2 + 1)−1

−1 + 𝐶

= ln ∣𝑥∣ − 1

2
ln (𝑥2 + 1) +

1

2(𝑥2 + 1)
+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■



Integration Of Rational Functions By Partial Fractions c⃝Hamed Al-Sulami 15/19

Example 11. Find

∫
𝑥2 + 2𝑥+ 3

𝑥2 + 𝑥+ 1
𝑑𝑥.

Solution: Since
𝑥2 + 2𝑥+ 3

𝑥2 + 𝑥+ 1
is improper we first divide to obtain

𝑥2 + 2𝑥+ 3

𝑥2 + 𝑥+ 1
=
(𝑥2 + 𝑥+ 1) + (𝑥+ 2)

𝑥2 + 𝑥+ 1

=
𝑥2 + 𝑥+ 1

𝑥2 + 𝑥+ 1
+

𝑥+ 2

𝑥2 + 𝑥+ 1

= 1 +
𝑥+ 2

𝑥2 + 𝑥+ 1
.

Note that the quadratic 𝑥2 + 𝑥 + 1 is irreducible because its discriminant 𝐷 = 𝑏2 − 4𝑎𝑐 =
1− 4 = −3 < 0. It can not be factor.So we complete the square

    ▲ ◀ ▶ ▼   ■
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𝑥2 + 𝑥+ 1 = 𝑥2 + 𝑥+
1

4
− 1

4
+ 1

=

(
𝑥+

1

2

)2

+
3

4

=

(
𝑥+

1

2

)2

+

(√
3

2

)2

𝑥+ 2 = 𝑥+
1

2
+
3

2

𝑥+ 2

𝑥2 + 𝑥+ 1
=

𝑥+ 1
2 +

3
2(

𝑥+ 1
2

)2
+ 3

4

=
𝑥+ 1

2(
𝑥+ 1

2

)2
+
(√

3
2

)2 + 3
2(

𝑥+ 1
2

)2
+
(√

3
2

)2

    ▲ ◀ ▶ ▼   ■
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∫
𝑥2 + 2𝑥+ 3

𝑥2 + 𝑥+ 1
𝑑𝑥

=

∫ [
1 +

𝑥+ 2

𝑥2 + 𝑥+ 1

]
𝑑𝑥

=

∫ ⎡⎢⎣1 + 𝑥+ 1
2(

𝑥+ 1
2

)2
+
(√

3
2

)2 + 3
2(

𝑥+ 1
2

)2
+
(√

3
2

)2
⎤
⎥⎦ 𝑑𝑥

=

∫
𝑑𝑥 +

∫
𝑥+ 1

2(
𝑥+ 1

2

)2
+
(√

3
2

)2 𝑑𝑥+

∫ 3
2(

𝑥+ 1
2

)2
+
(√

3
2

)2 𝑑𝑥 Note that ((𝑥 + 1/2)
2
)
′
= 2(𝑥 + 1/2).

=

∫
𝑑𝑥 +

1

2

∫
2(𝑥 + 1

2 )(
𝑥+ 1

2

)2
+
(√

3
2

)2 𝑑𝑥+
3

2

∫
1(

𝑥+ 1
2

)2
+
(√

3
2

)2 𝑑𝑥

= 𝑥+
1

2
ln

⎛
⎝(𝑥+ 1

2

)2

+

(√
3

2

)2
⎞
⎠+ 3

2

2√
3
tan−1

(
𝑥+ 1

2√
3
2

)
+ 𝐶

= 𝑥+
1

2
ln (𝑥2 + 𝑥+ 1) +

√
3 tan−1

(
2𝑥+ 1√

3

)
+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Rationalizing Substitutions

Some nonrational functions can be changed into rational functions by means of appropriate sub-
stitutions. In particular, when an integrand contains an expression of the form 𝑛

√
𝑔(𝑥), then the

substitution 𝑢 = 𝑛
√

𝑔(𝑥) my be effective. Also if the integrand contains an expression of the form
𝑛
√

𝑓(𝑥), and 𝑚
√

𝑓(𝑥), then the substitution 𝑢 = 𝑚𝑛
√

𝑓(𝑥) my be effective.

Example 12. Find

∫
1

1 +
√
2𝑥

𝑑𝑥.

Solution:

Let 𝑢 =
√
2𝑥 𝑢2 = 2𝑥

2𝑢 𝑑𝑢 = 2 𝑑𝑥 𝑢 𝑑𝑢 = 𝑑𝑥.

∫
1

1 +
√
2𝑥

𝑑𝑥 =

∫
1

1 + 𝑢
𝑢 𝑑𝑢 Note that 𝑢 = 𝑢 + 1 − 1.

=

∫
𝑢+ 1− 1

1 + 𝑢
𝑑𝑢

=

∫ [
1− 1

𝑢+ 1

]
𝑑𝑥

= 𝑢− ln ∣𝑢+ 1∣+ 𝐶

=
√
2𝑥− ln (1 +

√
2𝑥) +𝐶.

□

    ▲ ◀ ▶ ▼   ■
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Example 13. Find

∫
1√

𝑥(1 + 3
√
𝑥)

𝑑𝑥.

Solution:

Let 𝑢 =
√
𝑥 3
√
𝑥 = 6

√
𝑥 𝑢6 = 𝑥

6𝑢5 𝑑𝑢 = 𝑑𝑥
√
𝑥 = 𝑢3 3

√
𝑥 = 𝑢2.

∫
1√

𝑥(1 + 3
√
𝑥)

𝑑𝑥 =

∫
1

𝑢3(1 + 𝑢2)
6𝑢5 𝑑𝑢

= 6

∫
𝑢5

𝑢3(1 + 𝑢2)
𝑑𝑢

= 6

∫
𝑢2

1 + 𝑢2
𝑑𝑢 𝑢2 = 𝑢2 + 1 − 1.

6

∫
𝑢2 + 1− 1
1 + 𝑢2

𝑑𝑢

= 6

∫ [
1− 1

𝑢2 + 1

]
𝑑𝑥

= 6𝑢− 6 tan−1 𝑢+ 𝐶

= 6 6
√
𝑥− 6 tan−1 ( 6

√
𝑥) + 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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